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Q I Abstract 

' We introduce an operation that measures the self intersections of paths on a 

surface. As apphcations, we give a criterion of the reahzabihty of a generahzed Dehn 
Q . twist, and derive a geometric constraint on the image of the Johnson homomorphism. 
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O 



oo 



In study of the mapping class group of a surface, it is sometimes convenient and crucial 
to work with curves, i.e., loops or paths, on the surface. The mapping class group acts 
on the homotopy classes of curves, and as is illustrated in the classical theorem of Dehn- 
Nielsen, this action distinguishes elements of the mapping class group well. Moreover, since 
an element of the mapping class group is represented by a diffeomorphism, it preserves 
intersections of curves. 

In this paper we introduce an operation that measures the self intersections of paths on 
a surface, and discuss its applications to the mapping class groups. Let S be an oriented 
surface, and *o, *i G dS points on the boundary. We denote by n5'(*o, *i) the set of 
I homotopy classes of paths from *o to *i, and by tt'{S) the set of homotopy classes of 

CN ' non-trivial free loops on S. In §2.21 we introduce a Q-linear map 

/i: Qn5(*o, *i) ^ Qn5(*o, *i) ® Qvr'(^), 

by looking at the self intersections of a given path. This map is closely related to Turaev's 
^ . self intersection [18], and is actually a refinement of it. 

^ i One motivation to introduce fi comes from the Turaev cobracket on the Goldman- 

Turaev Lie bialgebra. The free vector space Q7r'(S') spanned by the set vr'(5') is an involutive 
Lie bialgebra with respect to the Goldman bracket [3] and the Turaev cobracket [11]. In 
[H], we introduced a filtration on Q7r'(S') and showed that the Goldman bracket induces a 
Lie bracket on the completion Q7r(5'), which we called the completed Goldman Lie algebra. 
As we will see, the operation /i recovers the Turaev cobracket. Analyzing the behavior of 
/i under the conjunction of paths, we show that /i naturally extends to completions and 
the Turaev cobracket extends to a complete cobracket on Q7r(S'), thus we could call Q-7r(S') 
the completed Goldman- Turaev Lie bialgebra. Along the course, we find that there is a 
naturally defined bimodule of Q7r'(S'). In [5] [5], we showed that QnS'(*05 *i) is a (left) 
Q7r'(5')-module with respect to a structure map a: Q^'('S') ® QnS'(*o, *i) QIIS'(*o, *i)- 
In fact, by investigating the properties of /i we arrive at the notion of a comodule of a 
Lie coalgebra, and that of a bimodule of a Lie bialgebra (see Appendix), and we show that 
Qn5'(*0; *i) is a Q7r'(S')-bimodule with respect to cr and fi. 
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Since /i is defined in terms of tlie intersections of curves, it is automatically compatible 
with the action of the mapping class group. In §l]we give two applications of this fact to 
study of the mapping class group. The first one is an application to generalized Dehn twists 
[9] [11] [13], which are elements of a certain enlargement of the mapping class group. We 
can ask whether a generalized Dehn twist is realized by a diffeomorphism of the surface, and 
we give a criterion of the realizability of a generalized Dehn twist using fi. This criterion 
is powerful enough so that we can extend results about a figure eight [1] [TT] to loops in 
wider classes. The second one is an application to the Johnson homomorphism, which is an 
embedding of the 'smallest' Torelli group (in the sense of Putman [17]) into a pro-nilpotent 
group. Using the fact that a diffeomorphism preserves /i, we derive a geometric constraint 
on the image of the Johnson homomorphism. That this constraint is non-trivial can be 
seen from examples of null-homologous, non-simple loops whose generalized Dehn twists 
are not realized by diffeomorphisms. But it is not clear how our obstruction is related to 
the known obstructions such as the Morita trace |16j . 
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Figure 1: local intersection number 




e{p;a, (3) = +1 e{p; a, (3) = -1 



2 The Goldman- Turaev Lie bialgebra and its bimod- 
ule 

Let S* be a connected oriented surface. We denote by ^(5*) = [S^, S] the homotopy set of 
oriented free loops on S. In other words, ^(5) is the set of conjugacy classes of 7ri(5'). We 
denote by | | : 7ri(S') — )■ 7i{S) the natural projection, and we also denote by | | : Q7ri(S') — )■ 
Q7r(S') its Q-linear extension. 

2.1 The Goldman- Turaev Lie bialgebra 

We recall the Goldman- Turaev Lie bialgebra |2] |19] . 

Let a and (3 be oriented immersed loops on S such that their intersections consist of 
transverse double points. For each p G a fl /3, let apf3p G ni^S.p) be the loop first going 
along the loop a based at p, then going along (3 based at p. Also, let e{p] a, (3) G {±1} be 
the local intersection number of a and (3 at p. See Figure 1. The Goldman bracket of a 
and (3 is defined as 

:= ^(p;«,/3)|ap/3p| e m{S). (2.1.1) 

The free vector space Qvr(S') spanned by the set vr(5') equipped with this bracket is a Lie 
algebra. See [5]. Let 1 G vr(S') be the class of a constant loop, then its linear span Ql 
is an ideal of Q7r(S'). We denote by Qtt'^S) the quotient Lie algebra Q:n"(S')/Ql, and let 
vj: <Q,Ti{S) Qtt'{S) be the projection. We write | |' := w o | | : Q7ri(^) Qti'{S). 

Let a : S*^ — S* be an oriented immersed loop such that its self intersections consist of 
transverse double points. Set D = Da := {(^1,^2) G S*^ x S^]ti ^ t2,a{ti) = a(t2)}- For 
{ti, ^2) G D, let atj^t2 (resp. atatj be the restriction of a to the interval [ti, ^2] (resp. [^2, ^i]) 
C (they are indeed loops since a(ti) = 0(^2))- Also, let a{ti) G Ta(ti)S be the velocity 
vectors of a at ti, and set £(d(ti), d(t2)) = +1 if (a(ti), 0(^2)) gives the orientation of S, 
and e{a{ti) , a{t2)) = —1 otherwise. The Turaev cobracket of a is defined as 

6ia):= <<^iti), <^ih))\at,t,\' (S)\at,tA' ^Q^'iS)®QTT'iS). (2.1.2) 

{ti,t2)eD 

This gives rise to a well-defined Lie cobracket S: Qtt'^S) — > Q7r'(S') ® Q7r'(S') (note that 
6{1) = 0). Moreover, Q7r'(S') is an involutive Lie bialgebra with respect to the Goldman 
bracket and the Turaev cobracket. See [19]. The involutivity is due to Chas [2]. We call 
Q7t'{S) the Goldman- Turaev Lie bialgebra. 
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2.2 A Q7r'(5')-bimodule 

Hereafter we assume that the boundary of S is not empty. Take distinct points *0; *i G dS, 
and let nS'(*05 *i) be the homotopy set [([0, 1], 0, 1), (S*, *05 *i)]- We shall show that the 
free vector space QnS'(*05*i) spanned by the set nS'(*05 *i) has a structure of involutive 
right Q7r'(S')-bimodule. For the definition of a bimodule, see Appendix. In §2.31 we treat 
the case *o = *i- 

A left Qtt' (S) -module structure. Let a be an oriented immersed loop on 5", and 
/3: [0,1] — S an immersed path from *o to *i such that their intersections consist of 
transverse double points. Then the formula 

a(« ® /3) := ^ eip; a, /3)/3*op«A*i ^ Qn5(*o, *i) (2.2.1) 

pean/3 

gives rise to a well-defined Q-linear map a: Qn'^S) ® QnS'(*05 *i) ^ QnS'(*05 *i)- Here, 
e{p]a,P) G {±1} has the same meaning as before, and P^^QpUpPp^^ means the path first 
going from *q to p along /9, then going along a based at p, and finally going from p to *i 
along /3. By the same proof as that of [8j Proposition 3.2.2, we see that QHS'(*07 *i) is a 
left Q7r'(S')-module with respect to a. See also [9] §4. 

A right Qfr' (S) - comodule structure. Let 7: [0, 1] — ?■ S* be an immersed path from *o to 
*i such that its self intersections consist of transverse double points. Let F = C S* be 
the set of double points of 7. For p G F, we denote ■y~^{p) = {^1,^2}' ^o that t^ < t^. Set 

-"(7) := -5Z^(7(t?),7(tf))(7ot?7*?i) ® l^t?*?!' ^ Qn5(*o, *i) ® Q^'(5). (2.2.2) 

per 

Here ^(7(^1), 7(^2)) ^ {=1=1} has the same meaning as before, 704^7*^1 is the conjunction of 
the restrictions of 7 to [0,t^] and [tg, 1], and lt\tl is the restriction of 7 to [^1,^2]- 

Proposition 2.2.1. The formula 112. 2. S\} gives rise to a well-defined Q-linear map 

/i: QH5(*o, *i) ^ Qn5(*o, *i) ® Qr^'iS). 
Moreover, QH5'(*o,*i) is a right Qn' {S)- comodule with respect to fi. 

Proof. Any immersions 7 and 7' with 7(0) = 7'(0) = *o and 7(1) = 7'(1) = *i, homotpic 
to each other relative to {0, 1}, such that their self intersections consist of transverse double 
points, are related by a sequence of three local moves (wl), (w2), (uS), and an ambient 
isotopy of S. See Goldman [5] §5 and Figure 2. To prove that fi is well-defined, it is 
sufficient to verify that /i(7) = /i(7') if 7 and 7' are related by one of the three moves. 

Suppose 7 and 7' are related by the move (wl). The contribution of the double point 
in the right picture of the move (wl) is zero, since the class of a nuU-homotopic loop is 
zero in Q7r'(S'). Hence fi{'j) = nipf'). 

Suppose 7 and 7' are related by the move (aj2). We may assume the left picture 
corresponds to 7'. Then 7 has two more double points than 7'. We write them by p and 
q so that ti < tf. As in Figure 3, there are two possibihties: t^ < t^ or < ^25 but in any 
case, 7otP7tfi is homotopic to 7ot?7t9i relative to {0, 1}, \-ftVtv\ = {-ffit^J, and e(7(^?)) 7(^2)) = 
— £(7(tf ), 7(^2))- Hence the contributions from p and q cancel and /i(7) = ^^(7'). 

Suppose 7 and 7' are related by the move (ci;3). Similarly to the case of {uj2), we see 
that a cancel happens and /i(7) = f^il')- Typical cases are illustrated in Figure 4, where 
the contributions from p (resp. q) and p' (resp. q') cancel. 
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Figure 2: local moves (wl), (w2), and {uj3) 
(ool) birth-death of monogons 




\ / \ / 



{uj2) birth- death of bigons 




(ojS) jumping over a double point 




Figure 3: invariance under the move (w2) 
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Figure 4: invariance under the move (cuS) 




We next show that QnS'(*05 *i) is a right Q7r'(S')-comodule, i.e., (lQns'(*o,*i) ® (1 — 
T)){fi ® 1q^'(s)) o Ai = (lQn5(*o,*i) ® 5) o A* (see Appendix). Let 7: [0,1] S he an 
immersed path from *o to *i such that its self intersections consist of transverse double 
points. To compute (lQns(*o,*i) ® (1 -^))(/^® lQii-'(s))At(7), we need to compute fi{'Jotllqi) 
where p G F. The double points of 704^7*^1 come from those of 7. Let g be a double point 
of 7otP7tPi and denote 7~^(g) = {^1,^2)5 so that t\ < t\. There are three possibilities: (i) 
t\<tl<tl< tl, (ii) tl < tl < tl < tl, (iii) tl < < tl < tl. In cases (i) and (ii), the 
contribution to (/i (g) 1q^/(5))/x(7) from {p,q) is 

^(7(i?),7(i2))^(7(^?).7(^2)) (7ot?7t«tf7j^i) ® lltftll' ® l7tftf 1' and 
^(7(i?),7(if))^(7(i?),7(^2)) (7ot?7tft?7t^i) ® bt^t^T ® l7t?tf 1', 

respectively. Here 'j^'iq means the restriction of 7 to [^27^1] and '^oqltlt^lt^i means the 
conjunction. Therefore the contributions to (/i 1q^'(s))/^(7) from (p, g) of type (i) or (ii) 
are written as a linear combination of tensors of the form u^{v^w + w^v). Since 
{l-T){v^w + w0v) = 0, these contributions vanish on QIlS{*o,*i) ®QTr'{S) (g)QTt'{S). 
Hence we only need to consider the contributions from (iii), and 

*o,*i j 

= E ^(7(^?),7(tf))^(7(t?),7(t^))^(7,P,9), (2.2.3) 
tl<tl<tl<tl 

where z{-f,p,q) = (7ot?7tp) ® {hty^t^^^l' ^ bt^lt^l' - llt'^t'^l' ^ l7t?t?7t^t^ 1') • o^^er 
hand, to compute (lQn5(*o,*i) ® ^)A''(7) we need to compute (5(|7tPfp|') where p E T. Each 
double point of the loop 7^?^? comes from g e F such that < < ^2 < ^2- Thus 5(17^?^? |') 
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Figure 5: the formula does not work if a basepoint lies in Int(5') 




G Int(5) 



< — )■ 




is equal to 



lltiql') , and 



q;tl<t\<tl<tl 



- E K7(t?),7(tD)^(7(t?),7(t^))t/^(7,P,g), 



(2.2.4) 



tl<tl<tl<tl 



where u;(7,p,g) = (7ot?7t^i) ® (bi^t'T ®K|t^7i?i?r - |7t|i^7t?t«r ® 7t?t«)- Since z{-f,p,q) = 
— w(7,g,p), the right hand sides of (12.2.31) and (12.2.41) are equal. This completes the 
proof. □ 

Remark 2.2.2. We have taken *o aiid *i from dS and assumed *o 7^ *i- If at least one 
of *o and *i lies in Int(S'), we need to consider another kind of local move illustrated in 
Figure 5. In this case the formula (12.2.21) does not work. For example, in Figure 5, the 
contribution from p in the left picture is non-trivial. Also, the formula (12.2.21) needs to be 
fixed when *o = *i- See §2.31 



We show that a and fi satisfy the compatibility (1A.2.2P and the involutivity (]A.2.3p . 



Proposition 2.2.3. The vector space QnS'(*05*i) is an involutive right Qtt' {S)-bimodule 
with respect to a : Qn'{S)(g)QUS{*o,*i) ^ Qn^(*o, *i) andfi: QUS{*o,*i) ^ QUS{*o,*i)(i 
Qn'iS). 

Proof. We first prove the involutivity. Let 7: [0, 1] — S be an immersed path from *o to 
*i such that its self intersections consist of transverse double points. Then 

per 

Let q be an intersection of the loop ^^pq and the path 7ofP7tPi and we denote 7~^(q') = 
{^^,^2} so that tl < tl- There are two possibilities: (i) tl < t^ < tl < tF^, (ii) tF^<t\<tF^< 
t\. The contribution to from (p, g) are 



^(7(^?),7(^2))^(7(^2).7(^?))7oint^tf7i?tnt?t?7*fi 



(2.2.5) 
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in case (i), and 

^(7(i?),7(^2))^(7(^?)>7(^l))7oi?7tfin*?*f^*?*n*2i (2.2.6) 
in case (ii). If we interchange p and q in (I2.2.6p . we get the minus of fl2.2.5p . Therefore the 
contributions from [p, q) in case (i) and those in case (ii) cancel and o'fi{'-f) = 0. 

We next show the compatibihty. Let a be an immersed loop on S and 7: [0, 1] — ?■ an 
immersed path from *o to *i such that their intersections and self intersections consist of 
transverse double points. The compatibility is equivalent to the following. 

/x(a(a ® 7)) = a(a)/i(7) - (ct ® lQn'{s))il ® 5{a)). (2.2.7) 

Here, a{a)fi{'y) = (tx ® lQ^/(5))(a ® /i(7)) + (lQn5(*o,*i) ® ad(a))/i(7). We compute the left 
hand side of fl2.2.7p . First of all, we have 

/i(a(a®7))= e(p;a,7)/i(7 

Let g be a double point of 7*op«p7p*i- There are three possibilities: (i) q comes from a 
double point of a, (ii) q comes from a double point of 7, (iii) q comes from an intersection 
of a and 7, which is different from p. 

Suppose q comes from a double point of a. We denote a^^(g) = {^1,^2} ^ that 
^2, a~^{p), tl are arranged in this order according to the orientation of S^. (Since p is 
a simple point of a, the preimage a~^{p) consists of one point. For simplicity, we write 
a~^{p) for the unique point in the preimage.) The contribution to /^(7*opQ^p7p*i) from such 
q is 

Here, apg (resp. agp) means the restriction of a to the interval [a~^(p), tf] (resp. [t^, a~^{p)]). 
Thus the contributions to fi{a{a ® 7)) from [p, q) such that q is of type (i) is 

Y e{p;a,-f)e{a{tl),a{tl))-f^opapgagp-fp^,®\atiq\', (2.2.8) 

where the second sum is taken over ordered pairs (^1,^2) such that a(ti) = C({tl) and 
a~^{p) G [t2)'^i]- Ori the other hand, we have 

S{a)= e{a{tl),a{tl))\atqtq\' ® lat^t^l' , 
where the sum is taken over ordered pairs (^1,^2) such that a(tl) = a{tl), tl 7^ t^, and 

P 

where the sum is taken over p G a fl 7 such that a~^{p) G [^2)^1]- Therefore, fl2.2.8p is 
equal to -(o' (g) 1q^/(5))(7 (g) (5(a)). 

Suppose q comes from a double point of 7. We denote 7~^(q') = {sl,sl}, so that 
si < si- There are three possibilities: (ii-a) 'y~^{p) < si < s^, (ii-b) si < 7~^(p) < si, 
(ii-c) < S2 < 7"Hp)- The contributions to /i(cr(a ® 7)) from (p, q) of type (ii-a) are 

Y Yl ^(P;"'7)^(7(s?)>7(s2))7*oP«p7p<77g*i ® 7s?s^, 

^-'(p)<sl<sl 
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Figure 6: the type (iii) 




and those from {p, q) of type (ii-c) are 



sl<sl<^-^(p) 

The sum of these two is equal to (a® lQii-'(s'))(a ® /u(7)). The contributions to /i((T(a®7)) 
from (p, q) of type (ii-b) are 

Y ^(P; 7)^(7(5?), 7(s2))7*og7g*i ®7gp«p7p<?- 

4<7-Hp)<4 

This is equal to (lQn5(*o,*i) ® ad(a))/i(7). Therefore, the contributions from (p, g) such 
that q is of type (ii) is (a ® ® fi{-f)) + (lQn5(*o,*i) ® ad(a))/i(7) = a{a)fi{-f). 

Suppose q comes from an intersection of a and 7, which is different from p. If 7~^(p) < 
7~^(g), the contribution is 

- £{p; «, 7)^(?; «, 7)7*op"P97g*i ® "gp7p9, (2.2.9) 
and if '~f~'^{q) < 7~"'^(p), the contribution is 

- ^iP; «, 7)£^(?; 7, «)7*og«gp7p*i ® 7gp"pg- (2-2. 10) 

See Figure 6. If we interchange p and q in (12.2. lOp . we get the minus of (I2.2.9p . Therefore 
the sum of the contributions from (p, q) of type (iii) is zero. We have established the 
formula (12X71) . □ 



2.3 The case of *o = *i 

Take * G dS. We shall give a structure of an involutive right Q7r'(5')-bimodule on the 
vector space Q-7ri(S', *) = Qn5'(*, *). In fact, as we will see, there are two possibilities for 
the structure morphism of Q7r'(S')-comodules: /i_ : Q7ri(S', *) — Q7ri(S', *) ® Q7r'(S'). 

Definition of a. The Q-linear map a: Q7i'{S) ^ Qni{S,*) — Q7ri(S', *) is defined by 
letting *o = *i and applying the formula (I2.2.ip . 

Definition of yU+ and We regard that the orientation of dS is induced from that of 
5*. Let and ^_ be embeddings from ([0,1], 0) to (dS,*) such that the tangent vectors 
i+{0) and — £_(0) agree with the orientation of dS. We denote ^+(1) = *+ and ^-(1) = 
See Figure 7. 
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Figure 7: and 



S 



1 *_ 



\ dS 



We have the isomorphisms c+ : Q7ri(S', *) QnS'(*, *+) and c_ : Q7ri(S', *) QnS'(*, *_ 
given by c+(7) = 7^+ and c_(7) = 7£_. We define yU.+ (resp. to be (c+""'^®1q^-'(s))°/^°c+ 
(resp. (c-""*^ (g> 1(Q^'(5)) o fi o c_). Namely, we define yU+ so that the diagram 



Q7ri(5,*) Q7ri(^,*)®Q7r'(^) 



c+'»io#'(s) (2.3.1) 



Qn5(*,*+) Qn5(*,*+) ® Q7r'(5) 

commutes, and define similarly. 

We derive formulas for /i+ and /i_ similar to (12.2.21) . Let 7: [0, 1] — be an immersed 
path with 7(0) = 7(1) = * such that its self intersections consist of transverse double 
points and the velocity vectors 7(0) and 7(1) are linearly independent. Let F C Int(S') 
be the set of double points of 7 except *. There exists a small 5 > such that 7~^(F) is 
contained in [0, 1 — e). We can choose a representative of c+(7) such that its restriction 
to [0,1 — e] coincides with 7|[o,i-e]. Moreover, if 5(7(0), 7(1)) = +1, i.e., (7(0), 7(1)) gives 
the orientation of S, we can assume that the set of double points of the representative is 
F. If 5(7(0), 7(1)) = —1, we can assume that the set of double points of the representative 
is the union of F and an additional point, whose contribution to /i(c+(7)) is ® I7I'. See 
Figure 8. Therefore we have 



^5(7(t?),7(tD)(7o<?7*?i) ® T' if ^(7(0), 7(1)) = +1 



per 

1 ® |7|' - $^^(7(i?),7(if))(7ot?7*fi) ® l7*f*f r, if ^(7(0), 7(1)) = "l- 
per 



(2.3.2) 




-1 ® 171' - $^^(7(t?),7(^2))(7otf7t^i) ® l7tft^l', if ^(7(0), 7(1)) = +1 
pgr 

-5^£(7(t?),7(tf))(7ot?7*fi) ® 1^*?*^!'' if ^(7(0), 7(1)) = -1- 
per 

(2.3.3) 

In particular, we see that 

/i+(7)-/i_(7) = l®|7r (2.3.4) 

for any 7 G Q7ri(5', *). 
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Figure 8: computation of //+ 
the case e(y(0),y(l)) = +1 




Remark 2.3.1. Our construction is closely related to Turaev's self intersection = 
fi^ : TVii^S,*) —7- Z7ri(S', *) introduced in [18] §1.4. Actually, for any 7 G 7ri(S', *), we 
have 

f^'^ilh = ® (2.3.5) 

Here e: Q7r'{S) — t- Q is the Q-linear map given by e{a) = 1 for a G vr'(S'). 

Proposition 2.3.2. Both the pairs {a,fi^) and (a, define an involutive right Qit'{S)- 
bimodule structure on the vector space Q7ri(S', *). 

Proof. By the commutativity of the diagram (12.3.11) and Proposition 12.2. 1^ it follows that 
defines a right Q7r'(S')-co module structure on Q7ri(5', *). Also since c+ is compatible 
with a, i.e., the action of Q7r'(S'), Proposition 12.2.31 implies the compatibility and the 
involutivity of (a, The assertion for (cr, follows similarly. 

Another proof is obtained by the following observation: by applying a move illus- 
trated in Figure 9 if necessary, any 7 G 711(5", *) is represented by an immersed path with 
5(7(0), 7(1)) = +1. Then /i+(7) is given by the first formula of fl2.3.2p . Applying the proof 
of Proposition 12.2.11 and 12.2.3) verbatim, we get the assertion for (a, /i+). □ 
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Remark 2.3.3. More generally, for t G Q, consider the linear combination fit = ((1 + 
t)/2)/i+ + ((l-t)/2)/i_ (so that /ii = /i+ and/i_i = By and/i+(l) = //_(!) = 0, 

we see that {a, jit) defines an involutive right Q:n"'(S')-bimodule structure on Q7ri(S', *). 

3 Completion of the Turaev cobracket 

The vector space Q7r(5') has a natural decreasing filtration and we can consider the com- 
pletion Q-7r(S'). As is shown in [9] §4, the Goldman bracket induces to a Lie bracket on 
Q7r(5'). In this section we show that is compatible with the filtrations of Qn5'(*0; *i) 
and Q^'(S'), and also show that the Turaev cobracket extends to a complete Lie cobracket 

3.1 Completion of the Goldman Lie algebra 

We make a few remarks on filtered vector spaces. Let V = FqV D FiV D ■ ■ ■ be a 
filtered Q-vector space. The projective limit V := ^im V/FnV is again a filtered Q- vector 

space with the filter FnV := Ker(V^ — )■ V/FnV). We say V is complete if the natural map 

V V is isomorphic. If V and W are filtered Q-vector spaces, the tensor product V 

is naturally filtered by FniV ® W) = J2p+q=n^p^ ® F'gW. The complete tensor product 

V^W is defined as V^W := V'^W = ^^^V ® W/F^iV ® W). Note that we have a 

natural isomorphism V^VT = V®W . 

Definition 3.1.1. A complete Lie algebra is a pair (V, V), where V is a complete filtered Q- 
vector space and V: V^V V is a Q-linear map continuous with respect to the topologies 
coming from the filtrations, and satisfies the skew condition VT = —V: V§)V — > V and the 
Jacobi identity V(V§l)iV = 0: V^V^V V. Here, T: V^V V§V is that induced 
from T : V ®V ^ V ®V , etc. V is called a complete Lie bracket. Similarly, we define a 
complete Lie coalgebra, bialgebra, and a complete V -module, comodule, and bimodule. 

Let S* be a connected oriented surface. Take some base point * G S* and set 

Q7r(5)(n) := |Q1 + Itii{S, *)"| c Qtx{S), for n > 0. 

Here, Ini^S, *) := Ker(Q7ri(S', *) — )• Q, tt 9 x i— 1) is the augmentation ideal of the group 
ring Q7ri(S', *). We regard Ini{S,*)'^ = Q7ri(S', *). The space Qn{S){n) is independent of 
the choice of *. Moreover, the Goldman bracket satisfies 

[Q7r(5)(ni),Q7r(5)(n2)] C Q7r(5)(ni + n2-2), forni,n2>l (3.1.1) 

(see [9] §4.1). This implies that the Goldman bracket induces a complete Lie bracket on 
the projective limit 

Qti{S) := JimQ7r(5)/Q7r(5)(n). 

n 

We call Q7r(S') the completed Goldman Lie algebra of S. We denote 

Qk{S){n) := FnQif{S) = Ker(Q^(5) ^ Q7r{S)/Qn{S){n)), n > 0. 
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For n > 0, let 

Qn'{S){n) := uj{Q7r{S){n)) = 1^(5,*)"!' C Qrc\S). 

Since |1|' = 0, Q7r'(S)(0) = Q7r'(5)(l) = Qir'iS). The natural map Q7r{S)/QTT{S){n) 
Q7r'{S)/Q7r'{S){n) is a Q-linear isomorphism for any n. Hence Q^(5') is also written as 

Qfr{S) = JimQ7r'(5)/Q7r'(5)(n). (3.1.2) 

n 

Let *o,*i G dS be as in §2.2. We make QnS'(*0)*i) filtered by taking some path 
7 e nS'(*05 *i) and setting 

FnQUS{*o, *i) ■■= 7/vri(5, for n>0. (3.1.3) 

Then this is independent of the choice of 7 (see [9] Proposition 2.1.1). In particular we 
can consider the completion QnS'(*0)*i)- By [9] §4.1, we see that a induces a Q-linear 
map a: Q7r{S)^QIlS{*o,*i) — )■ Qn5'(*o,*i), and the complete vector space QnS'(*05 *i) 
has a structure of a complete right Q:n-(S')-module. As a special case, the completed group 
ring Q7ri(S', *) := l^m ^ Q7ri(5', *)/(/7ri(S', *))", where * G dS, has a structure of a complete 
right Q:n"(S')-module. 

3.2 Intersection of paths 

We would like to show fi: QnS'(*o,*i) Qn5'(*o,*i) ® Qt^'{S) is compatible with the 

filtrations. For this purpose we introduce another map k, which measures the intersections 
of two paths. 

Take four distinct points *i,*25*35*4 G dS. Let x,y: [0,1] — j- S* be immersed paths 

such that x(0) = *i, x(l) = *2, y{0) = *3, y{l) = *4 and their intersections consist of 
transverse double points. Set 

k{x, y):= - ^ e{p\ X, 2/)(x*ip?/p*J ® {y^-^pXp^^) G Qn5(*i, ^4) ® Qn5(*3, *2)- (3.2.1) 

By an argument similar to the proof of Proposition 12.2. 1^ we see that (13.2.11) gives rise to 
a well-defined Q-linear map 

k: Qn5(*i, *2) ® Qn5(*3, *4) Qn5(*i, *4) ® Qn5(*3, *2)- 

Next take three distinct points *,*i,*2 G dS. We shall introduce the degenerate ver- 
sions of k, i.e., Q-linear maps QnS'(*i, *) (g)QnS'(*, ^2) Qn5'(*i, *2) ®Q7i"i(S', *). 
Let ([0, 1], 0) — )■ {dS, *) be embedded paths as in §2.31 We assume that the images 
of i+ or are so small that they does not contain *i and *2- We have the isomorphisms 
c+: Qn5(*i,*) QnS(*,*+) and c„ : Qn5(*i,*) Qn5(*,*„) given by €+(7) = 7^+ 
and c_(7) = 7^.. We define k+ (resp. k„) to be (lQn5(*i,*2) ® c+"^) o k o (c+ lQns'(*,*2)) 
(resp. (lQn5(*i,*2)®c„"-^)oKo(c_®l(Qn5(*,*2)))- Namely, we define k+ so that the diagram 

Qn5(*i,*) ® Qn5(*,*2) Qn5(*i,*2) ®Qvri(5,*) 

c+<SilQn5(*,.2) 

Qns(*i,*+) ® Qn^(*,*2) — ^ Qn5(*i,*2) ® Qn5(*,* 
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commutes, and define k_ similarly. 

Let x,y: [0,1] — )■ S* be immersed paths with x(0) = *i, x(l) = y(0) = *, y{l) = *2, 
such that their intersections except * consist of transverse double points and the velocity 
vectors x{l) and y{0) are linearly independent. By a way similar to §2.3[ we derive the 
following formulas. 

-xy(S)l- e{p;x,y){x^^pyp^^) ^ (y^pXp^), ii e{x{l),y{0)) = +1 

f^_^(^x, y) = I pexny\{*} 

' ^ip'^^^y)i^*ipyp*2) ® iy*p^p*)^ if ^(i(i),2/(o)) = -i. 

pexny\{*} 

(3.2.2) 

- X] ^ip'^^^y)i^*ipyp*2) iy*pXp*)^ if £^(a;(i),y(o)) = +i 

K.{x,y)= { ^ 

xy(^l- e{p;x,y){x^^pyp^^) ^ (y^pXp^), if £:(x(l), y(0)) = -1. 

p€xny\{*} 

(3.2.3) 

In particular, we have 

f^+ix,y) - K.{x,y) = -xy (3.2.4) 
for any x G QnS'(*i, *) and y G QnS'(*, *2)- 

Remark 3.2.1. To define k, we have taken *j from dS. By the same reason as is explained 
in Remark \2.2.2\ the formula (13.2.11) does not work if at least one of *i lies in Int(5'). 
Nevertheless, for four distinct points *i,*2,*3,*4 G •S', (13.2.11) defines a well-defined Q- 
linearmap/t: QnS'34(*i, *2)®Qn5'i2(*3, *4) Qn5'23(*i, *4) ®Qn5'i4(*3, *2), where S'ij = 
S\ 

Remark 3.2.2. The bilinear pairing k is closely related to Turaev's intersection A : Z7ri(5', *)® 
Ztti^S,*) — 7- Z'Ki{S,*) introduced in [18] §1.4. Take distinct points G dS. Letting 
*i = *2 = *) *3 = *4 = *' and applying (I3.2.ip . we get a Q-linear map 



k: Q7ri(5, *) ® Q7ri(5, *') ^ Qn5(*, *') ® QUS{*', 
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(using the same letter k). Let * G dS be a base point of S and : ([0, 1], 0) — )■ (SS*, *) an 
embedded path as in §2.31 Then for x,y E 711(8, *), we have 

Hx, y) = -{c+~^ ® £)k(1q^^(5,,) O c+)(x, y-^). (3.2.5) 

Here, (Iq^^is,*) ® c+) : Qtti (5, *) ® Qtti (5, *) ^ Qtti (5, *) ® Qtti (5, *+) is given by a; ® y ^ 
X ® for X, y G 7ri(S', *), and e: QnS'(*+, *) — > Q is the Q-linear map given by 

5(7) = 1 for 7 G nS'(*+, *). 

3.3 Product formulas 

Lemma 3.3.1. Let *i,*2,*3,*4 G dS be distinct four points. For any x G Qn5'(*i,*2); 
y G QnS'(*2, *3), o.nd z G QnS'(*3, ^4), we have 

K+{xy,z) = K{x,z){l^y) + {x^l)K+{y,z) eQUS{*i,n)®QTTiiS,*3) 
K+{x,yz) = K+{x,y){z®l) + {l0y)K{x,z) eQUS{*l,*i)^Q^Tl{S,*2)■ 
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Here, k{x, z){l®y) means the image of k{x, z)®y by the majj QnS'(*i, ^4) ®QnS'(*3, *2) ® 
Qn5'(*2, *3) — Qn5'(*i, *4) ® Q7ri(S', *3), u®v®w^u® vw, etc. Similar formulas for 
K_ are obtained by replacing k+ with k_ in the formulas above. 

Proof. We only prove the formula n+{xy, z) = z){1 ® + (x ® z). The other 

formulas are proved similarly. Let x,y,z: [0, 1] — S* be immersed paths with x{0) = *i, 
= 1/(0) = *2, 2/(1) = z{0) = *3, z{l) = *4, such that their intersections except 
*2 and *3 consist of transverse double points. Moreover, we assume that e{x{l),y{0)) = 

£(^(l),i(0)) = -l. 

Applying the second formula of fl3.2.2p . we compute K^{xy,z) as 

i^+i^V:^) = ~ ^(p; 3;?/, 2)(xt/)*^p2p*4 ® 2;*3p(x?/)p*3 

p&{xy)nz\{*:i} 

— ^(p; 2;)(z?/*2p2rp*4) ® (2;*3pyp*3). 

pgyn2\{*3} 

The first and the second terms are equal to k(x, 2;)(1 ®y) and (x® l)/t+(t/, 2;), respectively. 
This completes the proof. □ 

Corollary 3.3.2. Let n > 2 and let *i, . . . , *n+2 ^ dS be distinct {n + 2) points. For any 
xi, . . . ,Xn+i, Xi e QnS'(*i, we have 

n 

K+(a^l Xn,Xn+l) = ^((Xi ■ ■ -Xi-i) (g) l)K+(Xi,X„+i)(l ® (a;i+i ■ ■ -Xn)) 

i=l 
n+1 

fi:+(Xi,X2 XnXn+l) = ^ ( 1 (g) (X2 " " " ) ) (xi , Xj ) ( (Xi+i ■ ■ ■ X„+i ) (g) 1) . 

i=2 

Here, to simplify notations, for j — i >2, we write K+{xi,Xj) instead of K,{xi,Xj). Similar 
formulas hold for k_ . 

Proof Note that K+(xi, x„+2)(l®(xi+i ■ ■ ■ x„))(l(g)x,i+i) = K+(xi, x„+2)(l(8)(xi+i ■ ■ -x^x^+i)), 
etc. By Lemma [3 . 3 . 1 1 and induction on n, we obtain the result. □ 

Lemma 3.3.3. Let *i,*2;*3 G dS be distinct three points. For any x G QnS'(*i,*2) and 
y G QnS'(*2,*3); we have 

^i{xy) = fi{x){y ® 1) + (x ® l)/i(y) + (lQns{*i,*3) ® I v) ^ Qn5(*i, ^s) ® Q7r'(5). 

Here, fi{x){y ® 1) means the image of ji{x) ® y by the map QnS'(*i,*2) ® Q7r'(S') ® 
QnS'(*2, *3) QnS'(*i, *3) ® Qvr'(S'), u®v®w^uw®v, etc. Note that by (3^k^ 
and |1|' = 0, we can replace k,^ with n_ in the formula above. 

Proof. Let x,y: [0, 1] — t- S* be immersed paths with x(0) = *i, x(l) = ?/(0) = *2, 2/(1) = 
*3, such that their intersections and self intersections consist of transverse double points. 
Moreover, we assume that e(x(l), ?/(0)) = —1. Let F^. and Fj^ be the set of double points 
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of X and y, respectively. Then the set of double points of xy is T^UTyU {xny\{*2})- We 
have 

^(xy) = - ^ e{x'{t{),x'{t^)){x^,pXp^,y) ® \xtPtp\' 

- ^(y'('ti),y'{tl)){xy^^pyp^,) ® lytPtpJ 
peTy 

— £{x {p),y {p)){x^^pyp^^) ® |a^p*2^*2pl • 
pGxnj/\{*2} 

The first and the second terms are equal to n{x){y ® 1) and (x ® l)fi{y), respectively. 
Since |xp*2i/*2p| = \y*2pXp*2\: the third term is equal to (lQn5(*i,*3) ® I Hence 
Hixy) = fi{x){y ® 1) + (x (g) + (lQn5(*i,*3) ® I ll/^+i^^ v)- D 

By Corollary 13.3.21 and Lemma [3.3.31 and induction on n, we have the following. 

Corollary 3.3.4. Let n > 2 and let *i, . . . , G dS be distinct {n + 1) points. For any 
xi, . . . ,Xn, Xi e QnS'(*i, we have 

n 

fl{xi---Xn) = ^((Xi ■ ■ ■ Xj-i) (g) l)n{Xi){{Xi+i ■■■Xn)<S)l) 
i=l 

+ ■ ■ ■ ^i-l) ® ■■■Xn)® 1), 

i<j 

where Kij = (lQn5(*,:,*,+i) ® I llif^+i^i^ Xj)i^ ® i^i+i ' ■■^j-i)))- 
3.4 /i and the filtrations of Qn5'(*o, *i), Q7t'{S) 

We assume that the boundary of S is not empty. Take * G dS. 
Lemma 3.4.1. The following diagram is commutative: 

Qn^iS,*) Q7ri(^,*)®Q7r'(^) 

I' (1-T)(| 

Qn'iS) Qn'iS)(^Qn'iS). 
If we replace /i+ with p_, the diagram still commutes. 

Proof. Let 7: [0, 1] — t- S* be an immersed path with 7(0) = 7(1) such that its self intersec- 
tions consist of transverse double points and 5(7(0), 7(1)) = +1. By (12.3.21) . 

per 

Using |7otP7i?il = llqiloql, we obtain 

(l-r)(| r®%,(5))/i+(7) 

per 

This coincides with (5(|7|'). The proof for k_ is similar. □ 
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Figure 10: *i and ii 



5^1 /\ 



*n 
*3 



n+1 



*2 



Proposition 3.4.2. For n > 2, we have 

p+q=n—2 

The same formula holds for yU_ . 

Proof. We only consider Take distinct (n + 1) points *i = *, *2, • • • , *n, *n+i = *+ on 
the segment ^+([0, 1]) C dS, so that they are arranged according to the orientation of dS. 
Let ii be the restriction of i+ to the interval between *i and See Figure 10. 

Let 7i,72,...,7„ e Itti{S,*). For 1 < i < n, set Xi := (^i ■ ■ ■ ^i-i)"^7i(^i " " " ^0 ^ 
Qn5'(*i, We have c+(7i72 ■ ■ ■ 7n) = ^1X2 ■ ■ ■ x^. By Corollary [1331 

/i+(7i---7„) = (c+"^ (g) l)/i(Xi ■ ■ -Xn) 

= (c+"i® 1) ^^((xi---Xi„i)®l)/i(xi)((xi+i---x„)®l)j (3.4.1) 

+ (C+-1 ® 1) I ^((Xi ■ ■ -Xi.i) ® l)K,j((Xj+i ■ ■ ■ X,) ® 1) 

where c+"^ ® 1 = c+"^ ® lQ^^'{s)• For 1/ ^ Qn5'(*i, *j+i), we have 



C+ (Xi ■ ■ ■ Xi_i?/Xi+i ■ ■ ■ X. 



n) = Xi ■ ■ ■ Xi_i?/Xi+i ■ ■ ■X„,(^i ■ ■ -4) ^ 

= 7i---7i-i(^i---^i-i)y(^i---^i)"Sm---7n e /vri(5,*) 



This implies that the first term of 03.4.11) lies in /7ri(S', *)""^ ® Q7r'(S'). Next, iox y®z ^ 
QnS'(*i, (g) QnS'(*j, we have 

(C+"^ ® 1) (((Xi ■ ■ ■ Xi-_i) ® 1)(1 ® I r)((y ®Z)(\® (Xi+i ■ ■ ■ Xj_i)))((xj+i ■ ■ ■ x„) ® 1)) 

= c+"^(xi ■ ■ ■ Xi_iyxj+i ■ ■ ■ x„) (g) |2;xj+i ■ ■ -Xj-il'. 

As we have just seen, c+~^(xi ■ ■ ■Xj„iyXj+i ■ ■ -x^) G Inii^S, *)"+*~-'~^ Also, since 

2;xi+i ■ ■ ■ Xj_i = 2;(£i ■ ■ ■ ■ ■7j„i(^i ■ ■ -fj) 

= ■ ■ ■ ■ ■ (^1 ■ ■ ■ ■■ 7,-1(^1 ■ ■ ■^,) 

e /7ri(5,*y"^"i, 

l^rxj+i ■ ■ -Xj^il' G Q7r'(S')(j — z — 1). These computations imply that the second term of 
flSXTD lies in Ep+g=„-2 ^M^^ ® Q7r'(5)(g). This completes the proof. □ 
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In particular, /i+ and /i_ induce Q-linear maps Q7ri(S', *) — j- Q7ri(S', *)®Qvr(S') 
which we denote by the same letters. Together with Lemma 13.4.11 and (13.1. 2p in mind, we 
obtain 

Corollary 3.4.3. The Turaev cobracket S: Qtv'{S) Qif'{S) ® Qvr'(S') satisfies 

6iQn'iS)in))c Yl Qvr'(5)(p) ® Q7r'(5)(g) 

p+q=n—2 

for any n > 2. 

As a consequence, 6 induces a Q-linear map 6: Q7r{S) — )■ Qif{S)^Q7c{S). Together 
with the complete Lie bracket in §3.1^ Q7r(S') has a structure of a involutive complete 
Lie bialgebra, which we call the completed Goldman- Turaev Lie bialgebra. Moreover, the 
vector space Q7ri(S', *) has a structure of a complete involutive right Q7r(S')-bimodule with 
respect to the structure maps a and This also holds for 

Take distinct points *0! *i ^ dS and recall from (13.1. 3p the filtration F„QnS'(*0) *i) = 
■yl7ii{S, Here 7 is a path from *o to *i. 

Proposition 3.4.4. For n > 2, we have 

/i(F„Qn5(*o, *i)) C ^pQn5(*o, *i) ® Qrf'{S){q) C Qn5(*o, *i) ® Qrr'iS). 

p+q=n—2 

Proof. Understanding * = *i, let *i G dS, l<i<n + l, ■ji^ Ini{S,*) and Xi G 
QnS'(*j, 1 < i < n, be as in the proof of Proposition 13.4.21 Then we have 

yu(77i . . . 7„) = (c+~^ ® l)/i(7Xi . . . Xn)- From Lemma 13.3.31 it follows that 

/i(7Xi ...Xn)= yU(7)(xi . . . X„ (g) 1) + (7 (g) l)/i(xi . . . a;„) + (lQn5(*o,*„+i) ® I ■ --Xn)- 

It is clear (c+~^ O l)yu(7)(a;i . . .x„(8)l) G F„QnS'(*o, *i) ® Q^'('S'). By Proposition [2321 we 
have (c+-^ ^ 1)(7^ l)/i(xi . . . x„) G Ep+g=„„2 ^pQn5(*o, *i) ® Q7r'(5)(g). From Corollary 
l3.3.2k +(-y.xi . . .x„) = Zl"=i(l®(3;i • • • a;i_i))K+(7, . . . x„)®l). By a similar argu- 
ment to Proposition l3.4.2l we obtain {c+~^^\ |')(l®(a:i . . . Xj_i))K+(7, . . . x„)®l) G 
Fi_iQnS'(*05 *i) ® QT^'{S){n — i). This proves the proposition. □ 

We define 

Qn:s(*o,*i) := lim Qn5(*o, *i)/i^nQn5(*o, *i), 

which is a Q#(S')-module by means of a. See [9] §4.1. Proposition 13.4.41 implies induces 
a Q-linear map 

/i: QILS(*o, *i) ^ QIL5(*o, *i)®Q^(^), (3.4.2) 

which makes QniS'(*o; *i) a complete involutive right Q7r(S')-bimodule. In §11 we will use 
this bimodule structure to prove that some generalized Dehn twists are not realized by 
diffeomorphisms. 

4 Application to mapping class groups 

In this section we discuss applications of our consideration of the (self) intersections of 
curves. In the first three subsections we study generalized Dehn twists, which was in- 
troduced in [9] [11]. In the last two subsections we study the Johnson homomorphisms 
following the treatments in [H]. 
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4.1 Generalized Dehn twists 



Generalized Dehn twists are associated with not necessarily simple loops on a surface, and 
are defined as elements of a certain enlargement of the mapping class group of the surface. 
We recall generalized Dehn twists following |9] §5. For another treatment, see [T3] . 

Let be a compact connected oriented surface with non-empty boundary, or a surface 
obtained from such a surface by removing finitely many points in the interior. We denote 
by Ai{S,dS) the mapping class group of the pair {S,dS), i.e., the group of orientation 
preserving diffeomorphisms of S fixing dS pointwise, modulo isotopies relative to dS. The 
group A4{S,dS) naturally acts on each IlS{po,pi), Po,pi G dS. 

Let E C dS be a subset which contains at least one point of any connected component 
of dS. Then we can construct a small additive category QC{S,E), whose set of objects is 
E, and whose set of morphisms from po E E to pi & E is QIlS{po,pi). As we mentioned 

in §3.11 QIlS{po,pi) is filtered and its completion Qn5'(po5Pi) is defined. Let QC{S,E) 
be a small additive category whose set of objects is E, and whose set of morphisms from 

Poe E topie E is QnS{po,Pi). in [9], QCfs^) is called the completion of QC{S, E). 
The action of Ai{S,dS) on IlS{pQ,pi) naturally induces a Q-linear automorphism of 

QIlS{po,pi), as well as a Q-linear automorphism of QHS'djojPi)- In this way we obtain a 
group homomorphism of Dehn-Nielsen type 

DN : dS) AntiQCisTE)), (4.1.1) 

where Aut{QC{S, E)) is the group of covariant functors from QC{S,E) to itself, which 
act on the set of objects as the identity, and act on each set of morphisms as Q-linear 
automorphisms. This group homomorphism is injective (see [9] Theorem 3.1.1). 

Let C C S\ dS be an unoriented loop. Take q E S and let x G ni^S, q) be a based loop 
which is homotopic to C as an unoriented loop. The quantity 



L{C) 



i(logx)^ 



GQ7r(5)(2), 



where | | : Q7ri(S', q) Q7r(S') is the map induced by | | : Q7ri(S', q) Q7r(S'), is indepen- 
dent of the choice of q and x. 

A family of Q-linear homomorphisms = D^^'^^^^ : QIlS{po,pi) — )■ QIlS{po,pi), po,pi G 
E, is called a derivation of QC{S, E), if it satisfies the Leibniz rule 

D{uv) = {Du)v + u{Dv) 

for any po,pi,p2 E E, u E QIlS{po,pi), and v E QIlS{pi,p2)- The set of derivations of 

QC{S,E) naturally has a structure of a Lie algebra, which we denote by Der(QC(5', -E)). 
Then we obtain a Lie algebra homomorphism 

a: Qit{S) BeiiQCiSrE)), 

by collecting the structure morphisms a: Q7r(S')(8>QnS'(po,Pi) Q^S{po,pi), Po,Pi E E 
(see PI §4.1). Fotpq,pi E E, the exponential of the derivation (t(L(C)) G End{QIlS{po,pi)) 
converges and we obtain an automorphism 

exp(a(L(C))) G AntiQCisTE)) , 
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which we call the generalized Dehn twist along C ([H] Lemma 5.1.1, Definition 5.3.1). If C 
is simple, then this is (the DN-image of) the usual right handed Dehn twist along C ([5] 
Theorem 5.2.1). 

Remark 4.1.1. Actually exp(a(L(C))) lies in a subgroup ^4(5,^) C Aut(QC(5rE)), 
which was introduced in [9] Definition 3.3.1. 



4.2 A criterion of the realizability 

A natural question is whether exp((T(L(C))) is realized by a diffeomorphism, i.e., is in the 
DN-image. In [H] [TT] we showed that if C is a figure eight, then exp(cr(L(C))) is not 
in the DN-image. To extend this result for curves in wider classes, we consider the self 
intersections of curves. 

Let C d S \ dS be an unoriented free loop, and N C S \ dS a connected compact 
subsurface which is a neighborhood of C, and not diffeomorphic to D^. If the generalized 
Dehn twist exp(cr(L(C))) is the DN-image of a mapping class ip G Ai{S,dS), the support 
of (a representative of) ip is included in the subsurface A^, by the localization theorem P 
Theorem 5.5.3. 

Using the fact that maps simple paths to zero and a diffeomorphism preserves the 
simplicity of curves, together with cut and paste techniques developed in [9], we have the 
following. 

Proposition 4.2.1. Suppose the inclusion homomorphism 7Ti{N) t^i{S) is injective. 
Assume the generalized Dehn twist exp((j(L(C))) is realized by a diffeomorphism. Then we 
have 

/i(a(L(C))(7)) = G QniV(*o,*i)®Q^(A^) 
for any distinct points *o, *i G dN and any simple path 7 G nA^(*o-*i)- 

Proof. Let (f G Diff(S', (95") be a representative of exp{a{L{C))). By the remark above, 
we may assume that the support of ip is included in A^. We denote by the same letter ip 
the restriction of (p to N, which we can regard as an element of the mapping class group 
Ai{N, dN). Also we regard C as an unoriented free loop on A^ and L{C) as an element of 

Q^(A^). 

Let dN = Yii diN be the decomposition into connected components. Then, by [9] 
Proposition 3.3.4, there exist some G Q such that 

(/?exp(-a(L(C))) = exp (^aiL{diN)j^ G Aut{QC(NJ)N)) 

(see also the proof of [9] Theorem 5.4.1). Since C and diN are disjoint, the derivations L{C) 
and L{diN) commute with each other. This implies ip^ = exp(r2((T(L(C) -|- '^iCtiL{diN))) 
for any n G Z. Since <p'^{'y) is a simple path, we have /i((y9"(7)) = 0. Hence we obtain 

(^a (^L{C) + J2^^mN?j (7) j = 0. 

On the other hand, by [9] Theorem 5.2.1, exp{a{L{diN))) is realized by the Dehn twist 
along the simple closed curve diN. This implies fi{a{L{diN)){'y)) = 0. Hence we obtain 
/i(cr(L(C))(7)) = 0. This completes the proof. □ 
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In the case S is compact, i.e., has no punctures, we have another criterion for the 
reahzabihty of generahzed Dehn twists. 

Proposition 4.2.2. Assume S is compact, and let C C S\dS be an unoriented loop whose 
generalized Dehn twist exp((T(L(C))) is realized by a diffeomorphism. Then we have 

SL{C) = G Qfr{S)®Qfr{S). 

Proof. Take *i ^ E. Any orientation-preserving diffeomorphism (p of S fixing the 
boundary point wise preserves the comodule structure map jj: Qn5'(*o, *i) — )■ Qn5'(*05 
Here we understand = /i+ or /i_ in the case *o = *i- Hence, for any G Z, we have 

/iexp(n(j(L(C))) = exp{na{L{C)))^, 

and so 

((T(L(C))gl + = ficr{L{C)) : Qn5(*o, *i) -> QrLS(*o, *i)®Q^{S). 

From flA.2.2p this is equivalent to 



for any v G QHS'(*05*i)- By [9] Theorem 6.2.1, the intersection of the kernels of the 
structure map cr: Qn{S) — End(QHS'(*05 *i)) for all *o,*i G E, is zero. Hence we have 
6L{C) = 0. This proves the proposition. □ 

In [11] the second-named author posed the following question. 

Question 4.2.3 ([H] Question 5.3.4). Let C be an unoriented loop on a surface of 
genus g with one boundary component, and suppose the generalized Dehn twist along C is 
realized by a diffeormorphism. Is C homotopic to a power of a simple closed curve? 

In view of Proposition 14.2.21 we come to the following conjecture. 

Conjecture 4.2.4. Suppose an unoriented loop C satisfies 6L{C) = 0. Then C would be 
homotopic to a power of a simple closed curve. 

If the conjecture is true, then the question is also affirmative. But the conjecture looks 
like the question which was posed by Turaev [19] and whose counter-examples Chas gave 
in [3. 

4.3 New examples not realized by a diffeormorphism 

In this subsection we prove the following. 

Theorem 4.3.1. Let S and E C dS be as in j| and C G S \ dS an unoriented im- 
mersed loop whose self intersections consist of transverse double points. Assume C has at 
least one self intersection and the inclusion homomorphism vri(C) — )> 7ri(S') is injective. 
Then the generalized Dehn twist exp{a{L{C))) is not in the image of DN: Ai{S,dS) 
AntiQCisTE)). 
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Figure 11: 7ri(S', *i)-representative of C 




The rest of this subsection is devoted to the proof of Theorem 14. 3.11 
Let S be an oriented surface and *o, *i G dS distinct points. Using /i and the augmen- 
tation QnS'(*o,*i) — ^ Q,n5'(*o,*i) 3 X 1, we define a Q-hnear map fl: QnS'(*o,*i) — ^ 
Q7r'(5') as the composite 

fi:QUS{*o,*i) A Qn5(*o,*i)®Qrr'(5) 
^ Q^Qit'{S) =Qif'{S). 

By Proposition 12331 fi extends to a Q-hnear map fi: QnS'(*07 *i) Qt^{S). We denote by 
QHi{S; Z) the completed group ring of the integral first homology group Hi{S; Z). There 
is a natural projection vr(S') — )■ Hi{S;Z), which induces a Q-linear map w. Qvr(S') — )■ 

QHi{S; Z)/Q1. Here Ql is the 1-dimensional subspace spanned by the identity element of 
Hi{S;Z). 

Let C C S\dS be an unoriented immersed loop such that its self intersections consist of 
transverse double points, and let 7 G nS'(*05 *i) be a simple path meeting C transversally 
in a single point. In this situation, we shall compute the quantity tJ7/i((T(L(C))7). 

Let c be a tti{S, *i)-representative of C, as in Figure 11. Then we have 

cr(L(C))7 = 7logcGQEs(*o,*i), 

since (t(|c"|)7 = wye"' for n > 0. Now fix a parametrization c: ([0, 1], {0, 1}) — (5,*!). 
When p G S' is a double point of C, we denote c~^(p) = {^1,^2} so that < t^. Set 
'■= cqiCoq, and yp := cqq. By abuse of notation, we use the same letter Xp and i/p 
for the homology classes represented by these loops. Finally, let h{x) be the formal power 
series defined by 

°° (_'\\n 

h(x) ■.= Y^^(x-ir. 

n=0 

Proposition 4.3.2. Keep the notations as above, then 
wfi{a{L{C))y) 

= -Y,e{c{t\),c{tl)){yp + xp{yl-l)h{c)) ^QH^,Z)/^^^ 

V 

Here we write the product of the group ring QHi{S; Z) multiplicatively. 
To prove this proposition, we need a lemma. 
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Lemma 4.3.3. In the polynomial ring Q[x], the following equalities hold. 



1 . For n > 1, 

n / \ k—1 

\n-l 



I — n V / A—n 



k=0 ^ ' j=0 

2. For n > 1, set 



11 y \ k — 1 



k=0 ^ ^ j=0 

Then fi{x) = 1 and fn{x) = x{x — for n > 2. 
Proof. 1. Since X]j=o ~ (-^^ ~ ~ l); ^^e left hand side is equal to 

-1^ t (:)(-!)"- v-i) ^ ^E(:)(-irv 

k=0 ^ ^ k=0 ^ ^ 



X —\ 

2. The case n = 1 is clear. Let n > 2. By the first part, we compute 

n / \ fc— 1 



7i / \ 

I — n V / o— n 



X^ 



k=0 ^ ^ j=0 

k=0 ^ ^ ^ ^ ^ ^ i=0 

n-1 



X^ 



A;=0 ^ ^ i=0 

n / \ fc— 1 

+Erj: )(-i)"-'E(*-i-^)-' 

fc=o ^ ^ i=o 

n— 1 / X fc— 1 



fc=0 ^ ^ j=0 
\7i— 1 I ( 1 \7i— 2 1 Nn— 2 



Therefore = (x - 1)"-^ + (x - 1)"-^ = x(x - □ 

Proof of Proposition \4.3.2\ We first compute /i(7c'^) for /c > 0. We choose a representative 
of 70*^ by sliding c into the left. See Figure 12. Each self intersection p of C creates k"^ self 
intersections of 70^^. These A;^ points are classified into k + {k — 1) classes, according to 
their contributions to fii^c^). Namely, if e{c{t\) c{t^) = 1, for < j < A; — 1, there are 
k — j self intersections whose contributions are —IVpixpypYl', and for 1 < j < A; — 1, there 
are k — j self intersections whose contributions are +\xp{ypXpy~^\' . This is illustrated in 
Figure 13. The points in the box j"*" {0 < j < k — 1) contribute as —{ypixpypY \' , and the 
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Figure 12: a representative of 70^^ [k = 4) 
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Figure 13: a picture near p {eiciiF^.ciiF^}) = 1, = 4) 
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points in the box j (1 < j < A; — 1) contribute as +|xp(?/pXp)'' "^|'. If 5(c(t^), 0(^2)) = — 1, 
the contributions are the minus of the case of £:(c(t^), 0(^2)) = 1- Therefore, we obtain 

(fc-l fc-l ^ 

j=0 j=l / 

(4.3.1) 

We next compute fi{'y{c — 1)") for n > 1. We claim that the contribution from p to 
/i(7(c- 1)") is -e{c{tl),c{tl))\yp\' if n = 1, and 

-e{c{f,),c{tl)) {\y,x,y,{x,y, - 1)"^^ - \x,{y,x, - l)"-^!') 

if 77, > 2. The case n = 1 is clear. If n > 2, by (14.3. ip the contribution is — £:(c(t^), 0(^2)) 
times 

n /■ \ / k—1 k—1 \ 

E ( J ^-1)"^' Y.(^-j)\ypW\' - Y.(^ - j)\xM^,)n' . (4.3.2) 
k=o ^ ^ \j=0 j=l / 
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By 

fc-j k-l 

- j)\xp{ypXpy~^\' = ^{k - j)\xp{ypXpy\' - ^ MypXpYl' 

j=l j=0 j=0 

and Lemma 14.3.31 (I4.3.2p is equal to 

\ypXpyp{xpyp 1) I \xpypXp{xipXp 1) | -I- \xp{jjpXp 1) | 
\ypXpyp{xpyp 1) I \xp{ypXp 1) | . 

The claim is proved. Now we conclude 

/i(7logc) = -^e{c{f^),c{tl)) {\yp\' + \ypXpyph{xpyp)\' - \xph{ypXp)\') . 
p 

Applying to and using Xpyp = c = ypXp G Hi{S] Z), we obtain the desired formula. This 
completes the proof. □ 



Proof of Theorem \4.3.1\ Assume the generalized Dehn twist exp((T(L(C))) is realized by a 



diffeomorphism. Let be a closed regular neighborhood of C. Take a simple point a G S* of 
C and let 7: ([0, 1], {0, 1}) — )■ (A^, dN) be a simple path in A^ meeting C transversally only 
at a. We denote 7(0) = *o and 7(1) = *i. By Proposition 14.2. ![ we have ii{a{L{C))'~^) = 0. 

In particular, we have ro/i(a(L(C))7) = G QH^XN-,Z)/Ql. 

We claim: 1) {xp}p U {c} constitute a Z-basis of Hi{N] Z) = Hi{C; Z), and 2) by an 
appropriate choice of a, we can arrange that ^p£(c(t^), 0(^2)) 7^ 0. 

To prove the first claim, note that only the underlyng 4-valent graph structure of C, 
together with its (unoriented) parametrization matters. We proceed by induction on the 
number of double points of C. If C is simple, the claim is trivial. Suppose C has at least 
one self intersection and let g be a double point of C. Let / : C — C be a resolution of q. 
Namely, C is a 4-valent graph with a surjective map — )■ C, such that the composition 
S*^ — 7- C — 7- C gives a parametrization of C, f~^{x) consist of a single point if x 7^ g, and 
f^^{q) consist of two points, say g+ and g_. 

By the excision isomorphism, we have Hi{C; Z) = Hi{C, {q}; Z) = Hi{C, Z). 
Consider the homology exact sequence of the pair 

^ H,{C; Z) ^ H,{C, Z) 4 Ho{{q+, g_}; Z) ^ 0. 

Then the (9-image of Xg G Hi{C; Z) = Hi{C, Z) is ±(g_|. — which is a generator 

of Ho{{q+,q_};Z) = Z. By the inductive assumption, the lifts of {xp}p^q U {c} to C 
constitute a Z-basis of Hi{C;Z). Therefore the lifts of {xp}p U {c} to C constitute a 
Z-basis of Hi{C, Z), which completes the proof of the first claim. 

To prove the second claim, let £ be the component of the set of simple points of C 
containing a, and £' a component next to i. Take a simple point a' G i' and let 7' be a simple 
path meeting C transversally only at a'. We arrange that e(c(a),7(a)) = e{c{a'),'j'{a')). 
Let q be the double point of C between £ and £'. We compare e{c(t{), c(t2))'s with respect 
to a and a'. If p 7^ g, then they are the same. U p = q, they are minus of each other. Hence 
the difference of the sums ^p£^(c(t^), 0(^2)) for a and a' is two, in particular at least one 
of them is not zero. This proves the second claim. 
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Now choose a such that '^p£{c{ti), 0(^2)) 7^ 0. By the first claim, we can define a group 
homomorphism $: Hi{N; Z) — )■ (t) to an infinite cyclic group generated by t, by $(xp) = 1 
and <l>(c) = t. This group homomorphism induces a Q-linear map $: Qifi(A^; Z)/Q1 — )■ 
Q(t)/Ql. Since Xp?/p = c, we have = t. By Proposition I4.3.2[ 

$(z^/.(a(L(C))7)) = - (^e{c{f,),c{tl))^ {t + {t' - l)h{t)) e W/Ql. 

Finally, we claim t + {t"^ - l)h{t) ^ 0. To prove this, consider an algebra homomorphism 

from Q{t) to Q[[s]], the ring of formal power series in s, given hj t ^ 1 + s. This is a 
filter-preserving isomorphism, and the image of t + [t"^ — l)h{t) is 1 + 2s + (higher term ), 
which is not zero in Q[[s]]/Ql. This shows t + {t"^ — l)h{t) ^ 0, which contradicts to 
■a7/i(cr(L(C))7) = 0. This completes the proof. □ 



4.4 The Johnson homomorphisms 

The higher Johnson homomorphisms on the higher Torelli groups for a once bordered 
surface are important tools to study the algebraic structure of the mapping class group. In 
[9] , we gave a generalization of the classical construction of the Johnson homomorphisms 
to arbitrarily compact surfaces with non-empty boundaries. In this subsection we briefiy 
recall this construction and relations to the classical theory. 

Let 5* be a compact connected oriented surface of with non-empty boundary, and E C 
dS a subset such that each connected component of dS has a unique point of E. We 
assume the genus of S is positive. We define the Torelli group X(S', E) to be the kernel of 
the action of the mapping class group J^{S,E) on the first homology group Hi{S, E;Z), 
which is the smallest Torelli group in the sense of Putman [17]. On the other hand, we 
define 

E) := {u e Q^(5)(3); a{u){A^*"^*''^) = for any *o, *i e E}, 

where A is the coproduct A = A(*0'*i): QnS'(*o, *i) ^ ^^(^o, *i)®Qn5'(*o, *i) given 
by Ax := x^x for any x G nS'(*05 *0) *i G E. 

Using the Hausdorff series, we can regard L~^{S,E) as a pro-nilpotent group. In other 
words, using the injectivity of a ([9] Theorem 6.2.1) and the exponential map, we have a 

bijection L+{S,E) 4 exp{a{L+{S, E))) C AntiQCisTE)) , which endows L+{S,E) with a 
group structure. In [5] §6.3 we showed the inclusion 

DN{I{S,E)) C exp(a(L+(5,E))), 

using a result of Putman [T7] about generators of 1(5', E) in the case the genus of S is 
positive and our formula for Dehn twists [S]. Hence we obtain a unique injective group 
homomorphism 

t:I{S,E)^L+{S,E) (4.4.1) 

satisfying DN\x{s,e) = exp oa o r. 

Suppose S = a surface of genus g with one boundary component. Then as we will 
briefiy recall below (for details, see [H] §6.1), the Lie algebra L~^{Tig^i, {*}) is identified with 
(the completion of) the positive part of Kontsevich's Lie, £^ [TU]. Preceding Kontsevich, 
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Morita [13] [IS] introduced the Lie algebra 7^+ = £^ as a target of the higher Johnson 
homomorphisms . 

Let H := Q) be the first homology group of S^^i, and consider T := nm=o H®'^, 

the completed tensor algebra generated by H . Via the intersetion pairing { ■ ) : H x H ^ Q, 

we identify H and its dual H* = Hom(i7, Q): H ^ H*, X ^ {Y ^ {Y ■ X)). Let w G H^^ 
be the two tensor corresponding to — Ij^ G Hom(if, H) = H*®H = H®'^. By definition, the 
Lie algebra of symplectic derivations is a~ = Der(j(T), i.e., the Lie algebra of (continuous) 
derivations on the algebra T annihilating uj. The restriction 

oo 

a; ^ Hom(i7, f ) = i/* ® f = if ® f = JJ i/®™, D ^ D\h 

m=l 

is injective. In particular, the Lie algebra a~ is naturally filtered. We say D G a~ is 
degree n if Z) G nm>n+2 H'^"^. Now the algebra T has the complete coproduct A given 
by A(X) = X®1 + 1®X, X e H. Let be the Lie subalgebra of a~ consisting of the 

derivations of positive degree and stabilizing the coproduct on T. The Lie algebra is an 
ideal of (the completion of) Kontsevich's Lie ig [TU] . 

In [S] Theorem 6.L4 and 6.1.5, we showed that there exists a filter preserving isomor- 
phism of Lie algebras 

-Ae: (S(S3,i) Aa^, (4.4.2) 
inducing a filter preserving isomorphism of Lie algebras 

-A,:L+(S,,i,{*})4[+. 

The map depends on the choice of a so called symplectic expansion 6, which is a map 
from 7ri(Sg_i) to T satisfying some conditions. As was mentioned in [9] §6.3, the composite 
—Xe o r is essentially the same as the Johnson map introduced by Kawazumi [7] and 
Massuyeau [12]. Its graded quotients with respect to a suitable filtration are the Johnson 
homomorphisms of all degrees introduced by Johnson [B] and improved by Morita [TB] . 
Indeed, it is this context in which the Lie algebra ig was introduced by Morita [T3] [U] . 

4.5 A constraint on the Johnson image 

We show that the Turaev cobracket gives an obstruction of the surjectivity of r. 
Theorem 4.5.1. 

6oT = 0: I{S,E) A L+{S,E) C Qir{S) A Qir(5)®Q7r(5). 

Proof. The proof is similar to that of Proposition 14.2.21 From the definition of r, for any 
ip G X{S,E), there exists a unique u G L^{S,E) such that ip = expcr{u) on QnS'(*07 *i) 
for any *o and *i G E. Then we have T{ip) = u hj definition. Let /i: QnS'(*o;*i) 
QnS'(*07 *i)®Q7r(5') be the structure map of the comodule QnS'(*05*i)- We understand 
yU = /i+ or /i_ in the case *o = *i- K is clear /i is preserved by for any n G Z, namely, 
we have 

(exp (T(nu)® exp (T(nu))/i(f ) = fi{expa{nu){v)) 
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Figure 14: the case g = 3, r = 2 
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for any n G Z and v G QniS'(*0) *i)- Hence we have 

(cr(u)§l + l^a{u))fi{v) = I2{a{u){v)) 

which is equivalent to 

{a ® l){v§Su) = G QILS(*o, *i)^Qfi{S) 



for any *o and *i G E, from ( 1A.2.2p . Again by [9] Theorem 6.2.1, we conclude 6u = 0. 
This proves the theorem. □ 

This constraint is non-trivial if the genus of the surface S is greater than 1. 

Proposition 4.5.2. If g > 2, we have S\l+(^s,e) 7^ 0. 

Proof. We denote by a connected oriented compact surface of genus g with r boundary 
components. Consider a spine C of the surface := ^o,g+i as in Figure 14. li g > 2, C 
has a self-intersection. We cap each of the g boundaries the curve C surrounds by a surface 
diffeomorphic to Si i to obtain a compact surface 5*0 diffeomorphic to i, and glue Eo,r-+i 
to the boundary of So to get a compact surface S diffeomorphic to S^^^- See Figure 14. 
Choose one point in each boundary component of S. We define E by the set of all these 
points. We may regard A^ as a regular neighborhood of C. 

Consider the invariant L{C) G QTf{S). As was proved in [9] Lemma 5.1.2, the action 
of L{C) stabilizes the coproduct A. Since [C] = G Hi{S; Q), we have L(C) G L+{S, E). 
From the proof of Theorem 14.3.11 and the compatibility of the comodule structure map 
and the cobracket flA.2.2j) . we have 5L{C) 7^ G Qt:{N)®Qtt{N). As was proved in [9] 
Proposition 6.2.3, the inclusion homomorphism Q^(A^) — t- Q7r(5'o) is injective. Since the 
inclusion homomorphism 7ri(S'o) — )■ 7ri(S') has a right inverse coming from capping all the 
boundaries except one by r — 1 discs, the inclusion homomorphism Q7r(5'o) — >■ Q7r(S') is 
injective. Hence we have 5L{C) 7^ G Qfc{S)0QTf{S). This proves the proposition. □ 
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From Theorem 14.5.11 the Zariski closure of the subgroup t(I{S, E)) is included in the 
closed Lie subalgebra KeT{6\L+(s,E))- In view of this theorem we raise the following conjec- 
ture. 

Conjecture 4.5.3. The Zariski closure of the subgroup t(X{S,E)) equals the closed Lie 
subalgebra Ker 

T{I{S,E)) = KeT{6\L+is,E)). 

By Turaev's theorem [TB], p. 234, Corollary 2, captures the simplicity of a based loop 
on a surface. This conjecture is its analogue in the mapping class group. It is closely related 
to Conjecture 14.2.41 But it seems quite optimistic even in the simplest case 5* = S^^i. The 
cokernel of the Johnson homomorphisms in the case S = S^^i is known to have plenty of Sp- 
irreducible components including the Morita trace [16]. For details, see [1] and references 
therein. But, unfortunately, we don't know how our 6 is related to these components, for 
at the moment we have no explicit description of 6^, the cobracket on a~ which is induced 
by the isomorphism (14.4.21) . 

A Lie bialgebras and their bimodules 

For the sake of the reader we collect the definitions of a Lie bialgebra and its bimodules. 

We work over the rationals Q. Let V he a. Q- vector space and let T = Ty'- V®"^ — ?■ V^'^ 
and N = Ny: V®^ ^ V^^ be the linear maps defined by T{X ® F) = F ® X and 

N{X (g)Y (g) Z) = X (^Y ^ Z + Y Z (^X + Z (^X (g)Y ior X,Y,Z eV. 

A.l Lie bialgebras 

Let g be a Q- vector space equipped with Q-linear maps V: g — and 5: — )■ 0. 
Recall that is called a Lie bialgebra with respect to V and 6, if 

1. the pair (0, V) is a Lie algebra, i.e., V satisfies the skew condition and the Jacobi 
identity 

Vr = -V:0®2^0, V(V®l)iV = 0: 0^^-^0, 

2. the pair (0, S) is a Lie coalgebra, i.e., 6 satisfies the coskew condition and the co Jacobi 
identity 

T5 = -5:0^0®^ iV(5®l)5 = 0: 0^0®^ 

3. the maps V and 6 satisfy the compatibility 

VX,VF e 0, 6[X,Y] = a{X){6Y) -a{Y){6X). 

Here we denote [X, Y] := V(X (g) Y) and a{X){Y Z) = [X,Y] ^ Z + Y ^ [X, Z] for 
X, y, Z G 0. The map V is called the bracket, and the map 6 is called the cobracket. 
Moreover if the involutivity 

V(5 = 0: 0^0 

holds, we say is involutive. 
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A. 2 Lie comodules and bimodules 

Let be a Lie algebra. Recall that a left g-module is a pair (M, a) where M is a Q- vector 
space and a is a Q-linear map a: g M — )■ M, X (g) m i— )■ Xm, satisfying 

VX,Vr e 0,Vm e M, [X,r]m = X(Fm) - Y{Xm). 

This condition is equivalent to the commutativity of the diagram 

M 



V(g)lM 



{(1-T)®1m)(18®t) 

M )■ 



M. 



If we define a: M (g) g M by (T(m (g) X) := -a{X (g) m) = -Xm for m e M and X e g, 
then the pair (M, a) is a rz(7/it g-module, i.e., the following diagram commutes: 



1m(8)V 

M® g 



(lM®(l"T))(aiX)lo) 



> M 



M. 



Next let (g, 6) be a Lie coalgebra and M a Q- vector space equipped with a Q-linear 
map fi: M — )■ M(g)g. We say the pair (M, /x) is a right g-comudule if the following diagram 
commutes: 



M 



M®g 



M 
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(A.2.1) 



(lMlX>(l-T))(/i(g)l5) 



> M®g®g. 



Similarly, we say a pair (M, //) is a left g-comodule if /i is a Q-linear map fi: M — )■ g (g M 
and the following diagram commutes: 



M 



g® M 



g(gM 

<5(X>1m 



{(l-T)®lAf)(lg(X>7l), 



> g®g®M. 



If we denote the switch map by Tq^m '■ g(gM— J-M^g, X(gmf->m(gX, then it is easy 
to see that (M, Jl) is a left g-comodule if and only if (M, —T^^mV) is a right g-comodule. 

Finally let g be a Lie bialgebra with V the bracket and 6 the cobracket, (M, a) a left 
g-module, and (M, /i) a right g-comodule with the same underlying vector space M. We 
define a: M (g g — )■ M by a{m (g X) := — Xm, as before. Then (M , a) is a right g-module. 
We say the triple (M, a, /i) is a ng'/it g-himodule if a and /x satisfy the compatibility 

yme M,yY e g, (T(F)/i(m) - /i(Fm) - (a ® lg)(lM ® 5)(m ® F) = 0. (A.2.2) 

Here a{Y)fx{m) = (a ® 1m)(1' ® /i(m)) + (1m ® ad(r ))/i(m) and ad(r)(Z) = [y, Z] for 
G g. Then we also call the triple (M, a,Jl) defined by JI := — TM,g/U: M — )■ g (g M a /e/t 
g-himodule. Moreover, if g is involutive and the condition 



afi = 0: M ^ M 



(A.2.3) 



holds, we say M is involutive. 
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